STUDENT’S NAME:

TEACHER’S NAME:

2 024 HURLSTONE AGRICULTURAL HIGH SCHOOL
HIGHER SCHOOL CERTIFICATE TRIAL EXAMINATION

Task 4 of 4

Mathematics Extension 1

Senior Examiner:

General
Instructions

Reading time - 10 minutes

Working time - 2 hours

Write using a black pen

NESA approved calculators may be used

A reference sheet is provided in the Section I booklet

For questions in Section II, use the relevant booklet for writing your
solutions.

e This examination paper is not to be removed from the examination
centre

Total marks: 70 Section I - 10 marks (pages 2 - 5)
e Attempt Questions 1 — 10. The multiple-choice answer sheet has
been provided
e Allow about 15 minutes for this section

Section II - 60 marks (pages 6 - 13)
e Attempt Questions 11 - 15, write your solutions in the spaces
provided.
e You have been provided with 5 separate answer booklets, one for
each question.
e Extra working pages are available if required.
e Allow about 1 hours and 45 minutes for this section.

Disclaimer: Students are advised that this is a trial examination only and cannot in any way guarantee the content or the
format of the 2024 HSC Mathematics Extension 1 Examination.



SECTION I (10 marks)

Attempt Questions 1 - 10
Allow about 15 minutes on this section.

Use the multiple-choice answer sheet provided for Questions 1 - 10.

x|

1) Which of the following graphs, correctly shows y = 2 ?
A. B
C D.

&
[N}
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2) A drawer contains 10 pairs of socks, each pair a different colour.

Michael decides to randomly select socks from the drawer without looking. What is the
minimum number of socks he needs to pick to ensure he has at least one matching pair?

A 2 B.11
C. 12 D.21
5 12
3) Which of the following is the constant term in the binomial expansion of (Zx — ;) ?
A (F)2°5° B. (1?)2%5°
C. —(3)2°5° D. —(*?)235°

4) What is the vector projection of a = —3i +4j ontob = 2i —j ?

A 2i—4j B. 4i—2j
C. —2i+] D. —4i+2j
5) What is the remainder when 2x° — 3x3 + x? — 5 is divided by x + 2?

A —41 B. -5

C. 39 D. 41
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6) Which function best describes the following graph?

Yi
3z
2
-2
: 2 X
_3=
2
A. y=3sin"12x B. y= %sin‘1 2x
= 3sin~1% = 3gip1%
C. y=3sin . D. y =3sin"" 2
. . . . tan 2x—tan x
7) Which expression is equivalent to —————— 7
1+tan2xtanx
A. tanx B. tan3x
tan 2x-1 tanx
1+tan 2x " 1+tan2xtanx
. . 1
8) It is given that sinx = " whereg <x<Tm.
What is the value of sin 2x ?
7 V15
A —= B. ——
8 8

=|Z]
v
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9)

10)

Sand pours onto the ground and forms a cone such that the height of the cone at time
t seconds is h cm and the radius of the base is r cm.

It is given that 7 = v/3h.
Sand is being poured onto the pile at a rate of 12 cm3/s.

At which rate is the height increasing at the instant when the heightis 12 cm?

1 1
A. Tam cm/s B. po cm/s
Y Y
C. " cm/s D. — cm/s

At time ¢ years the number, NV of ants in an ant colony is given by N = 500 — 400e~%1¢,

What is the rate of growth in ants/year when t = 20 ?

A. 40e? ants/year B. —40e? ants/year
40 40
C. s ants/year D. -2 ants/year
End of Section 1
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SECTION II
60 marks

Attempt Questions 11 - 15
Allow about 1 hour and 45 minutes on this section.

For questions in Section II, your responses should include relevant mathematical reasoning
and/or calculations.
Answer each question in a separate answer booklet.

Question 11 (7 marks) Use the Question 11 BOOKLET Marks

(@) The graph shownis f(x) = x(4 — x) 2

o
o
w
o

In the Question 11 Answer Booklet, sketch the graph of y = /x(4 — x)

(b)  Solve for x: 8% <1 3
(¢) (i) Eliminate t from the parametric equations: 1
X =cost
y = sin?t
(ii) Sketch the curve defined by the parametric equations in (i) 1

~End of Question 11~
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2024 Mathematics Extension 1 Trial Examination Section II

Question 12 (10 marks) Use the Question 12 BOOKLET Marks
() (i)  Write v/3 cos x — sin x in the form 2 cos(x + @), where 0 < a < g 1
(ii)  Hence, or otherwise, solve v/3 cos x = 1 + sinx, where 0 < x < 2. 2

(b)  The graph of f(x) = x? — 4x + 5 is shown in the diagram.

y
2,1
0 x
() Explain why f(x) does not have an inverse function. 1

(ii)  Sketch the graph of the inverse function g~1(x), of g(x), where

g(x) =x%>—4x+5, x=>2. 1

(iii)  State the domain of g~1(x). 1

(iv)  Find an expression for y = g~1(x) in terms of x. 2

C Prove that cosec + cot8 = cotg 2
(© 5

~End of Question 12~
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2024 Mathematics Extension 1 Trial Examination Section II

Question 13 (15 marks) Use the Question 13 BOOKLET

(@) Three boys and five girls are at a birthday party.

() The children are asked to sit in a circle for party games. In how many
ways can the children be seated around the circle?

(i) For the ‘Pass the Parcel’game, the children remain in the circle, but two of
the boys are asked not to sit together. In how many ways may this occur?

(b) ()  Showthat=—[sin"'(2x — 1)] = —

x—x2

(i) Hence, or otherwise show that

J‘l dx  m
3 Vx—x? 3
(c)  Using the substitution x = 2 cos 8, evaluate:

|
[
1 X%2V4 — x2

Leaving your answer in simplest exact form.

Question 13 is continued on next page...
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2024 Mathematics Extension 1 Trial Examination Section II

Question 13 continued... Marks

(d)  The figure below shows part of a graph of the curve C with the equation

1
2x—1

y=2 ,Wherexqti

Ay

The shaded region is bounded by C and the lines x = 1, x = 2 and the x-axis is rotated
about the x-axis, forming a solid of revolution.

Show that the volume of the solid is

n(13—3— 21n 3) units3 4

~End of Question 13~
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2024 Mathematics Extension 1 Trial Examination Section II
Question 14 (13 marks) Use the Question 14 BOOKLET Marks

(a) Prove by mathematical induction that for integersn > 1,

3+4+5++n+2_11 3
1x2x2 2x3x%x22 3x4x23 n(n+1)2n (n+1)2n

(b) A spherical weather balloon is being inflated from empty using a container of
helium, so that its volume is increasing at a constant rate of 0.5 m3/s.

(Assume the balloon maintains a spherical shape throughout inflation.)

(i) By considering the volume after t seconds, show that the radius at time ¢

o 3[3t
isgiven by r = o, M 2

(i)  Show that the rate of increase of its surface area after 8 seconds

is 3\/% m?/s. 3

Question 14 is continued on next page...
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2024 Mathematics Extension 1 Trial Examination Section II

Question 14 continued... Marks

(c) Water is being heated in a kettle.

At time ¢ seconds, the temperature of the water is 72C.

The rate of increase of the temperature of the water at any time after the kettle
is switched on, is modelled by the equation Z—: = k(120 — T), where kis

a positive constant.

The temperature of the water is at 20° C when the kettle is switched on.

(i) Showthat T = 120 — 100e~** is both a solution to the differential

equation and satisfies the initial conditions. 2

(ii) When the temperature of the water reaches 100° C, the kettle switches off.
If it takes 10 seconds for the temperature to reach 30°C, once the kettle

is switched on, find how long it takes for the kettle to switch off, to the

nearest second.

~End of Question 14~
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2024 Mathematics Extension 1 Trial Examination Section II

Question 15 (15 marks) Use the Question 15 BOOKLET

Marks

(a) Theroots of 2x3 — 6x?> —8x + 12 = 0 are a, B and y.

Find the value of (@ + 2)(8 + 2)(y + 2). 3

p

(b) When (1 — gx) is expanded in ascending powers of x, the coefficient

of x is —24.

By considering the expansion of (1 + x)?, find the value of p. 2

-1 -1 _ n!

(c) Showthat " “Cp_1+ "'Cp = RS 2

Question 15 is continued on next page...
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Question 15 continued... Marks

(d) Consider the points P(a, 2a),Q(—a, 5a),R(3a,4a) and S(9a, 12a),

where a is a positive real number.

(i) Express vector ﬁa in the form pi+ qj where p and q are real numbers. 1

(i)  Given the length of the projection of vector 7’6 onto vector RS is 12,

find the value of a. 3

(e) A quadrilateral ABCD has |AB| = |BC| and |CD| = |DA]|.

Let M be the point of intersection of AC and BD. M bisects AC.

(i) Show that BM = -BC —~4B 2
(ii)  Using (i), prove that the diagonals of a kite are perpendicular. 2

~End of Question 15~

End of Section II
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Multiple Choice

Question 1
—-X
—, x<0
x| x2’
If y==, theny =
Y= Y %, x>0
_?1, x<0
l. x=0
X

Fory = % where x < 0, the required branch of the hyperbola is in quadrant 2.

Fory = %where x = 0, the branch of the required hyperbola is in quadrant 1.

~ B

Question 2

Pigeonholes : The 10 different colours of socks
Pigeons: The individual socks Michael picks.

If Michael picks 10 socks, it's possible that he might pick one sock of each colour (i.e., 1 sock from each of the 10
different colours). In this case, he still wouldn't have a matching pair.

However, if he picks one more sock (the 11th sock), he will definitely have to pick a sock that matches one of the socks
he has already picked, because there are only 10 colours available.

Thus, by the pigeonhole principle, after picking 11 socks, he is guaranteed to have at least one matching pair.

~ B

Question 3

[t will be the 4th term of the expansion that will be a constant.

The 4th term will be (132) (2x)° (_ %)3

Which simplifies to —(%) 2° 5°
Therefore answer is C.

Question 4

Answer D

a-b=(-3)2)+@)(-1)=-6—-4=-10

b-b=Q2)2)+(-1)(-)=4+1=5

projpa =5—10b = —-2b

projpa = —2(2i —j) = —4i + 2j

HAHS 2024 Mathematics Extension 1 Trial Examination
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Question 5

P(=2) = 2(=2)>—-3(=2)+(-2)?-5= —41

Answer: A

The given graphisisy = sin"1x
stretched vertically by a factor of 3,
and horizontally by a factor of 2.

tanA-tanB

7 ——— =tan(4A — B)
1+tanAtanB
tanZr-tanx _ tan(2x — x) = tanx
1+tan2xtanx
8 sinxzi,where§<x<7r =
sin2x = 2sinx cosx
— 2 X l X iﬁ — _E
4 4 8
9
Givenr = +/3h
1 3mh3
V =-n(V3h)?h = = 1th3
3 3
av _ 372
an ="
dh _ av o dh _ o 1
dt  dt = dv 3mh?
When h = 12cm
dh 1

12X =
dt 3n122 36w

~Answer:
B

cm/s

P(x) = 2x°>—3x3+x2-5

V15
CoOSX = ——

HAHS 2024 Mathematics Extension 1 Trial Examination
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MC Q10
N = 500 — 400e 01t

dN
—— = —400(=0.1)e~ %1t = 40e 701
dt
dN
att = 20,— = 40e01(20)
dt
d]v__40__2
dc ¢
~Answer: C
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Year 12 Trial Higher School Certificate Extension 1 Mathematics Examination 2024
Question No. 11 Solutions and Marking Guidelines
Outcomes Addressed in this Question
MEZ11-1 uses algebraic and graphical concepts in the modelling and solving of problems involving
functions and their inverses
ME11-2 manipulates algebraic expressions and graphical functions to solve problems

Outcome Solutions Marking Guidelines
(a)
ME11-2, s 2 marks : correct solution
ME11-1 1 mark: correct shape,
maximum & domain or
3 identifies required detail
aroundy =1
2
1
[ﬂ 1 2 3 \
3 marks : correct solution
ME11-2 o 2 marks : two of
(b) Tx <1, x#0 demonstrates an
o appropriate method of
x?% % —=< x%x1 solution, demonstrates
5 correct method of solving
x(8—x)—x"<0 quadratic inequality or
x(8—x—x)<0 identifies x # 0
1 mark: one of above
x(8—2x)<0
x(4—x)<0
From the diagramin (8), x < 0and x = 4
But. x = 0 1 mark : correct answer
- (-ool O) U [4' OO)
ME11-2
(c) (i) Given x = cost and y = sin?t, as
sin?t + cos?t =1,
) 1 mark : correct solution
y+xc=1
oo y = 1 — xZ
ME11-2, - . _
ME11-1 (ii) Curve is the parabola y = 1 — x?2, but since

x = cost, then —1 < x < 1 and since

y =sin?t then0 <y < 1.
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Year 12 Mathematics Extension 1 2024 TASK 4
Question No. 12 Solutions and Marking Guidelines
Outcomes Addressed in this Question

ME11-1 uses algebraic and graphical concepts in the modelling and solving of problems involving functions and their inverses
ME12-3 applies advanced concepts and techniques in simplifying expressions involving compound angles and solving
trigonometric equations

Part/ Solutions Marking Guidelines
Outcome
; 2cos(x + a) = V3 cosx — sinx
(f%(g V3 1 1 mark — Correct solution
cos(x + a) = 7(;05)(; — ESinx It’s all about a, really
o V3 1
cosxcosa —sinxsina = 7cosx —Esmx
V3 . 1
= — = — —1 [ —
cosa i sina > an N
_r
“=%
s V3 cosx —sinx = 2 cos (x + E)
6
(a)(ii) \/§C05x =1+4sinx ) K C uti
12-3 \/gcosx —sinx =1 marks — Correct solution
T
2 cos (x + g) =1
h 1 mark — Substantially
o\ = correct
cos (x + 6)

Note: many students attempted
to the general solutions
formula. Most of those did not
find two correct answers.
There is a reason it was taken
out of the syllabus

(0 <x<2m)

=
I

-

=

+

ol S

I
RGNS
SR

question 12 continued...
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(b)(i)

f(x) does not have an inverse funct

ionasitisnotl—1.

11-1 .. or... it fails the horizontal line test.
1 mark — Correct solution
(b)(ii) 5
11-1
4
1 mark — Correct shape and
3 position of graph
Note: a LOT of answers had
carelessly drawn graphs. It is a
2 half parabola, and should be
vertical at the point (1, 2).
] Some graphs were drawn in such
a way that it was clearly not
parabolic. This cost marks
2 1 2 3 4 5
(b)(iii)
111 g~ "(x) has domain x > 1 or [1,00) 1 mark — Correct solution
(b)(iv)
11-1 x=y%>—4y+5
y?—4y=x-75
y2—4y+4=x—-5+4 2 marks — Correct solution
— 22 =x-1 .
0=2)7=x . 1 mark — partial progress
y—2=+Vx—-1 (take positive square root) towards correct solution
Ygt ) =2+Vx—1
© o
12-3 using t = tan—
ng 2 Or..
1
cosecl + cot = —+ — 1 1
i”_‘l_iz Coltf 2 sng | coto 2 marks — Correct solution
2t 2t _1 +. cos & 1 mark — partial progress
_2_1 sin@ towards correct solution
2t t 5,0 Correctly expresses cosec@ or
1 - Zcos 2 cot@in terms of 't
= . 1+ 6
tang 2 singcosg Note: getting to _ Sicrfs was
9 p not enough for first mark
= COtE _ c057
n?
S1n 2
6
= cot—=
2
Year 12 Mathematics Extension 1 Assessment Task 4 2024

Solutions and Marking Guidelines
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Outcomes Addressed in this Question

ME11-5 uses concepts of permutations and combinations to solve problems involving counting or

ordering

ME12-4 uses calculus in the solution of applied problems, including differential equations and volumes of
solids of revolution

Question Solutions Marking Guidelines
13
@ N;Ell- 1 mark
7! = 5040 Correct solution
®
~ Total ways two boys not seated together = 7! — (6! X 2) 2 marks
(i) Correct solution
= 3600
1 mark
Makes some progress
towards the correct
solution.
da 2 marks
M]gl)%-tl- dx [sin™*(2x — 1)] Correct solution with
complete setting out.
® letu=2x—1
1 mark
1 d ONE error OR some
= Xx—02x-1)
Vi—u?z dx progress towards the
correct solution.
2
J1—(2x—1)?
2

T 1 (4x?—4x + 1)

HAHS 2024 Mathematics Extension 1 Trial Examination
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(i)

(c) ME12-

f:[sin‘l(Zx —1)]dx

K

=sin"1(1) — sin™?! (%)

mm
2 6
T
3

x =2cos0O

dx_ 2 sin @

70" sin

dx = —2sin@ do

T
When x = 1,9=§

T
Whenxzx/zezz

G 1
[
1

x2vV4 — x2
7 1
4
_ f X —2sin 6 do
Z (2cos0)?4/4 — (2cos 0)?
T
_ .[Z —2sin@ 40
% 4c0s20vV4 — 4cos?0

T
_.[5 2sin@

de
T 4cos?0./4(1 — cos?0)

3

_ f? 2sin@ 20
% 4c0s20+4sin%6

_ f% 2sin@ 40
~ Jn 8cos20sinb

2 marks

Correct solution AND
shows substitution
process.

1 mark

Some progress
towards the correct
solution OR single
error.

4 marks
Complete solution
shown.

3 marks

Makes significant
progress towards the
correct solution with
ONE error

2 marks

Makes some progress
towards the correct
solution with TWO
errors.

1 mark

Makes limited
progress towards the
correct solution with
THREE errors.
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(d)
ME12-4

4| el
..... Z
= % [tan (%) — tan (%)]
1
=2 V3 - 1)

1 1
=n[(8—2In3—>)— (4—2In1—2)]
6 2
- mB—2In3—2—442
= ( n27% 2

13
= 7'[(?— 2In3)

4 marks

Writes an expression
for volume of the solid
and complete solution
shown.

3 marks

Makes significant
progress towards the
correct solution with
ONE error

2 marks

Makes some progress
towards the correct
solution with TWO
errors.

1 mark

Makes limited
progress towards the
correct solution with
THREE errors.
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Year 12 Mathematics Extension1 2024

TASK 4

Solutions and Marking Guidelines

Outcomes Addressed in this Question

MEI12-1 applies techniques involving proof or calculus to model and solve problems

Solutions Marking
Guidelines
Question 14 a
) 3 marks -
Proven=11s trueﬁ Correct solution
[HS=—> =3 pps=1-_L -3 2 marks -
Ix2x2 4 2x2 4 Substantially
Therefore n = 1 1s true. correct
solution.
Assume » = I 1s true 1 mark - some
3 . 4 k42 1 correct working
1x2%2  2x%3%2 +k(fc+l)2" T (k+1)2¢F towards correct
solution
Prove n =Kk + 1 is true. i.e.
3 k+2 k+3

Foer b — ra - T+l
Ix2=x2 fm{f\,'l‘l)g (f\,'[-l){ft +2::l2
1

~ 2y

3 k+2 k+3
LHS = ———+---+ +
1x2x2 k(k+1)2%  (k+1)(k+2)2"
1 k+3

1- +
(E+1)2°  (k+1)(k+2)2%
1 2(f€+2) B k+3
(k+1)(k+2)2" (k+1)(k+2)2"
. 2(k+2)- k-3
(k1) (k+2)24
L kT
(kAT) (k+2)2%
1

.
(k+2)2*
= RHS

s~ n=1Fk+1 1s true whenever # = k 1s true.

~ As it 1s true for » = 1, by induction, the result is
true for n > 1.
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Question 14 b
6))
dV _
—=0.5
dr
V=05t + C
When =0, V=20
_t
=L
2
V:%ﬂf
r_4_ 3
5 371;
3t:8m*3
3 _ 3¢
= —
87
8n
r = |— masrequired
(i)
A = 4nr?
dA_8
o nr
4
V==nrd
37‘[7‘
dV_4 )
I mr
dV—OS
at

dA_dAXdrde
dt dr ~dv "~ dt

dA
— = 8nr X x 0.5

dt 4rrr?

dA 1 1
—=2X-X%X05=-=
dt r T

When t = 8 seconds

2 marks -
Correct solution
1 mark -
Substantially
correct
solution.

3 marks -
Correct solution
2 marks -
Substantially
correct
solution.

1 mark - some
correct working
towards correct
solution
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A= Agr
dd _

i Bnr
di_dd dr
dt r  dt

@
T=120- 100e”
(IT kt
— = 100ke
dt
= k(100e ¥ = 120 + 120)
= k(120 T)
(iD)

dA 1 1 st
S =—= |[—m /S
dt 313X 8 3(3 3
81 T
Alternate method:
r= E
78
= [_r)%
HiT
When ¢t = 8

when 1= 0, 7= 120 - 100¢"
=120 100
=20

2 marks -
Correct solution
1 mark -
Substantially
correct
solution.

3 marks -
Correct solution
2 marks -
Substantially
correct
solution.

1 mark - some
correct working
towards correct
solution
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when 7= 100, 100= 120— 100e "'
k

whenr=10 T'= 30

100e "' = %0
30 = 120— 100e ' e M =—
a 10k :ﬂ 3 ]
10 —kt= Ing
—~ 10k = In— I
lOl 9 i = —Zlng
k= — Elnﬁ t= 152.7553185...

Il

0.01053605157...

The kettle switches off after 153 seconds

Question 15

a)
fpiy=-2=-0_3
atpry=-g=-% =
bty ===
af +ay+ fy = - =— =

_d_ 1

i

(@+2)B+2)y+2)= (af+2a+28+4) (v +2)
(aBy + 2ay + 2By +4y +

2af +4a + 4B +8)

afy + 2(ay + By +af) +
4(y +a+p)+8

—6 + 2(—4) + 4(3) + 8
6
b)

3x)
2

(1—;x)p - 174 vcl(1)v-1(

-1+ ( 3x>
-1+ (D
Coefficient of x is _37;;
3p
——= =24
2
p= 16

3 marks - Correct
solution

2 marks -
Substantially correct
solution.

1 mark - some correct
working towards
correct solution

2 marks - Correct
solution

1 mark - Substantially
correct solution.
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©)
. e B (n-1)! (n—-1)!
LHS = "Gyt "0 = (n—1-(k-1) (k—1)! R T

_ (n—-1)! (n—-1)!
T (n=k)! (k-1)! (n—1-k)! k!

_ (n—1)! (n—1)!

T (n=k)(n—k-1)! (k—1)! + m—1-k)! k(k—1)!

(n—1)! (n—1)!

S - m—k=D! k=D T m=—1-0) k(k=D)

B k(n—1)! n—k)(n—1)!
TRl m—k—1 k=D T k) (n—1-k) k (k=D

_ k(n—1! + n—k)(n—1)!
T k(n—k)(n—k—-1D! (k—1)!

_ k(n—1! + n—k)(n—1)!
B k! (n—k)!

k(-1 + n(n—-D!—k(n—-1)!
B k! (n—k)!

. n(n-1)!
k! (n—k)!

d i)

—_—

PQ = (—a—a)i+ (5a—2a)j = —2ai+ 3aj

d ii)

RS = (9a —3a)i+ (12a — 4a)j = 6ai + 8aj

2 marks - Correct
solution

1 mark - Substantially
correct solution.

1 mark - Correct
solution

3 marks - Correct
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—_— —2a 6a

PQ - RS = (3a) . (8a>

= —12a? + 24a? = 12a?

[RS| = (6a)? + (8a)?
= {100a%? = 10a

The length of Proj of PQ onto RS :
PG - RS _ 12a?

|RS| " 10a
12a®
10a
6a = 60
~ a=10
e) i)
BM = BA + AM
—_— 1—)
= BA +-AC
2 —_— 1 —_— —_—
= —le +51(AB+ BC)
:—EAB +EBC
e) ii)
ForTCLW ———> TC-TW)=0

= (_EAB . AB) + (AB : EBC) + (_EAB : BC) + (BC- EBC)

1 1 2
= —-|4B| + §|Bc|
= —%|AB| + -|4B| (as |AB| = |BC|)
AC L BM

- diagonals of a kite are perpendicular

solution

2 marks -
Substantially correct
solution.

1 mark - some correct
working towards
correct solution

2 marks - Correct
solution

1 mark - Substantially
correct solution.

2 marKks - Correct
solution

1 mark - Substantially
correct solution.
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